A pair of anisotropic exceptional points (EPs) of arbitrary order are found in a class of non-Hermitian random systems with asymmetric hoppings. Both eigenvalues and eigenvectors exhibit distinct behaviors when these anisotropic EPs are approached from two orthogonal directions in the parameter space. For an order-N anisotropic EP, the critical exponents of phase rigidity are and , respectively. These exponents are universal within the class. The order-N anisotropic EPs split and trace out multiple ellipses of EPs of order 2 in the parameter space. For some particular configurations, all the EP ellipses coalesce and form a ring of EPs of order . Crossover to the conventional order-N EPs with is discussed.
parameter space, and these EP trajectories always merge at the two order-N anisotropic EPs, which act as their common vertices. In a particular configuration, corresponding to the non-Hermitian Hamiltonian being linearly spanned by three spin-j matrices, all the order-2 exceptional ellipses coalesce and form a ring of EPs of order which is the generalization of the ring of order-2 EPs found recently in photonic crystal slabs [32] to arbitrary higher order.
Two Anisotropic EPs of arbitrary order.-To put our discussion in perspective, we start with a simple system that admits closed form solutions: an ordered asymmetric nearest-neighbor hopping model with N sites [62, 68] . The non-Hermitian Hamiltonian is a tridiagonal matrix:
where with and being real. The system is non-reciprocal if . For convenience, we normalized the energy scale by setting in this work. The physical implementation of such non-reciprocal hoppings were discussed originally in the context of magnetic flux lines in type-II superconductors [68] . The non-reciprocal hoppings can in principle be realized using coupled ring resonators [69, 70] . Alternatively, the asymmetric hopping model can be implemented with ultracold atoms in optical lattices [62] or electronic circuits [71] . The eigenvalues of have the square-root form:
There are two EPs at , at which Eq. (1) reduces to a Jordan block form or its transpose, and all N eigenstates coalesce to a single one with eigenvalue , leading to an EP of order . We now introduce diagonal entries (on-site terms) through a new For illustration, we consider three disordered systems of different dimensions:
. One eigenstate is taken as a representative state to calculate the phase rigidity for each system. The phase rigidity for the three systems is shown in Fig. 1(a) Therefore the order-2 EPs ellipses are [72] . Here we would like to point out that all points on each ellipse are also anisotropic EPs [72] . We found and order-2 EPs ellipses, respectively, for even and odd N. For illustration, we show the numerically determined order-2 EP ellipses for and systems with random in Fig. 2 
where . Clearly the equation represents a ring of order-N EPs in the -plane, which has unity radius. Each EP on the ring is actually an anisotropic EP [72] . To show this, we consider an arbitrary point on the ring as depicted in Fig. 3(a) . We introduce and with to represent small displacements from in the radial and tangential directions of the ring, respectively, which are indicated by a gray and a blue arrow in Fig. 3 , which is similar to the effective momentum space Hamiltonian of a non-Hermitian photonic crystal slab (periodic in xy plane) under symmetric gain and loss, where the ring of order-2 EPs are described by . Such an exceptional ring was experimentally observed [32, 45] . EP rings of order can spawn from Weyl points [53, 57] when the system becomes non-Hermitian, which is also a special case of our considerations. Apart from engineering hoppings and onsite energies in the coupled ring resonator model according to Eq. (5), the ring of EPs of higher order can be realized by introducing non-Hermiticity into lattice systems bearing general spins, such as stacked triangular lattice layers [76] .
Discussion.-We note that the relation for order-2 EP trajectories of is very general. Instead of forming elliptical trajectories, the EPs will form a cluster of parabolas that can be parameterized by in the -plane if we set (rather than the hopping difference ) as a constant.
We emphasize that the phase rigidity near the EP in the Hamiltonian in Eq. (1) Also, a large value of exponent , compared with , makes the characteristics of an EP, e.g., orthogonality of left and right eigenvectors, much easier to achieve.
We note that the conventional order-N EP can also be easily obtained from Eq. (1) by setting , i.e., , and at the same time insert a small perturbation to the 
where have taken and defined which is finite. We assume for simplicity. The situation when can be treated similarly. The system has chiral symmetry: letting { }, we have Due to chiral symmetry, the eigen-spectrum of must be symmetric. That is, the eigenvalues come in pairs, i.e., , and there must be an eigenvalue when is odd.
The eigenvalues are
where . We use the notation √ for later convenience as long as . The eigenstate corresponding to when is odd will be discussed separately. 
where the specific coefficients before are represented by and . Similarly, the left eigenvector for is found to have the form
from ⟨ | ⟨ |, where the detailed coefficients are represented by and . In the main text, phase rigidity is defined as
where | ̃ ⟩ | ⟩ √|⟨ | ⟩| is biorthogonal normalized eigenvector. If we assume eigenvectors | ⟩ and ⟨ | are normalized, namely ⟨ | ⟩ and ⟨ | ⟩ , the phase rigidity can be expressed as |⟨ | ⟩| (S6b) since the denominator in Eq. (S6a) is unity, i.e., ⟨ | ⟩ . As a consequence, the phase rigidity defined in Eq. (S6b) is always unity for eigenstates of a Hermitian system. And the phase rigidity obviously vanishes at an EP due to self-orthogonality, that is, ⟨ | ⟩ [1, 2] . As pointed out in the main text, phase rigidity is the inverse square-root of Petermann factor [3] [4] [5] . In G. C. New's definition of Petermann factor, both left and right eigenvectors are normalized [6] , as we do for phase rigidity here. where |∑ | is nonzero in general.
Next we consider the other situation when .
(2) case
When is odd, we must have a zero eigenvalue √ ( ) with due to chiral symmetry. By similar procedures, the right and the left eigenvectors | ⟩ and ⟨ | associated to are found to have the following forms
where are coefficients. Different from Eq. (S4) and (S5), we note that every second component of the eigenvectors is zero, which is a property dictated by chiral symmetry. Immediately, we have (S10) Thus far, we have analytically shown that the phase rigidity for all eigenstates near the AEP is proportional to for the Hamiltonian along the line. Next we derive the exponent for phase rigidity along line.
(ii) Derivation of the exponent along line In the other direction when is varied and is fixed, the critical exponent will become instead of , as will be shown in the following.
With fixed, the Hamiltonian become
The eigenvalues of are . Following the similar procedures as the previous subsection, we can write the eigen- 
where we used . Up to now, we have demonstrated that the critical exponents of phase rigidity at the anisotropic EP are and , respectively, in the two orthogonal directions in the parameter space.
II. Eigenvalues of have the square-root form when
Just like the uniform asymmetric hopping Hamiltonian in Eq. (1), the eigenvalues of the Hamiltonian in Eq. (4) will also take square-root form,
where , when . In the following we substantiate the claim using mathematical induction. We use the notation .
For ( * , the eigenvalues obviously take square-root form,
i.e., √ √ . Similarly, the eigenvalues of
also take square-root form √ √ and .
We denote the characteristic polynomial of a general by (S17)
where denotes identity matrix. By definition, we know that can be expressed in terms of and , which are characteristic polynomials of and , respectively. That is (S18)
We assume that all eigenvalues of and take squareroot form, which are √ and √ respectively, where and are constants. Therefore, we can write ∏ √ (S19) and ∏ √ (S20) Consequently, we can write
We define √ . Then Eq. (S21) can be rewritten as
The characteristic equation gives us ∏ ∏ the roots of which must be some numbers noting that and are constants. The roots of are therefore √ .
(S23) So all eigenvalues of a general take the square-root form √ . To mention, it is obvious that the eigenvalues of take the form when is fixed so that .
III. Anisotropic phase rigidity for
We have stated in the main text that the critical exponents of phase rigidity, i.e., and , in two orthogonal directions are universal, in the sense that they are the same independent of the random choices of the values of in in Eq. (4). The exponents and in the presence of disorder can be similarly derived as we have done for the uniform hopping scenario in Section II.
In Section III, we have proved that the eigenvalues are √ when fixing , and are when fixing . Since the eigenvalues take the same forms as those of the uniform hopping model , we can follow the similar procedures in Section II to derive the analytic form of the phase rigidity. That is, we write the eigen-equation for the right and left eigenvectors explicitly and get the compact form of the eigenvectors near the anisotropic EP. When , the right and left eigenvectors for , where , take the same forms as Eq. (S4) and (S5), which can be straightforwardly obtained following procedures in Section II. Therefore the phase rigidity is given by Eq. (S7), namely .
(S24) When , the right and left eigenvectors for are given by Eq. (S8) and (S9). And the phase rigidity is given by Eq. (S10), .
(S25) Therefore, it is a universal fact that the critical exponents of the phase rigidity at the anisotropic EP at in the -plane are and , respectively. The conclusion does depend on the random coefficients and in Eq. (4). Fig. 1 and Fig. 2 (i) Fig. 1 parameters The disordered Hamiltonian in Eq. (4) are specified by randomly chosen coefficients and and . In Fig. 1 , coefficients are taken randomly picked in the uniform distribution [ ].
IV. Parameters used in
We note, without loss of generality, the parameters for the systems with and are taken from those generated randomly for the system with , as given below. Table 1. in Fig. 1 .
(ii) Fig. 2 parameters The coefficients and in Fig. 2 Table 2 . and for system in Fig. 2(a) . Table 3 . and for system in Fig. 2(b) .
V. Exceptional ellipses: derivations (i) case
The Hamiltonian has the form ( * We note this example system is the one used in the calculation for Fig. 2(a) . Solving and with and substituted, we obtain six groups of solutions for and ,
Since
and are real parameters, we require to be real. Two EP2 ellipses are determined by and where and . Therefore, the lengths of semi-major (or semiminor) axes of the two ellipses along axis are √ and √ which agrees with the results shown in Fig. 2(a) . We note Fig. 2(a) is achieved by directly solving and for real and for a given , without the assumptions that and .
(iv) Larger cases
After dealing with , it is obvious that the ansatz at the degeneracy and the consequent relation hold for a larger . Similar procedures can be carried out to get solutions to and and therefore the EP2 ellipses, where , and for even and for odd . The argument is as follows. For the real matrix , its eigenvalues should be either real or come in complex conjugate pairs. It has been rigorously proved that all eigenvalues of take square-root form, i.e., √ √ when . Immediately, we know that all eigenvalues are purely real (imaginary) far away from (near) the origin on the axis. On the other hand, when | | goes to infinity, the hopping terms become insignificant and tends towards Hermitian limit, therefore all eigenvalues should turn real. Therefore, going from the origin on the -plane to infinity, all complex eigenvalues go real, as observed in numerical calculations. This implies the occurrence of EPs. It is reasonable that there are some EP boundaries enclosing the origin on theplane. For random scenarios, EP2 boundaries are most likely to occur. Therefore, EP2 ellipses are observed for even cases, and for odd cases. EP boundaries of higher order are only possible for specially chosen , such as the exceptional ring cases.
VI. All points on an EP2 ellipse are AEPs
The two EPNs at split and trace out multiple EP2 ellipses on theplane, which has been analytically demonstrated in Section V. And we have shown that, for each spin form Hamiltonian , all points on the exceptional ring are anisotropic exceptional points. We believe that all points on the EP2 ellipses in the case of are also AEPs.
In 
VII. One more example for EP2 ellipses
We consider the following Hamiltonian,
where and . The eigenvalues are
Obviously there are two EP2 ellipses in the -plane:
at which . Two EP2 ellipses meet at , giving rise to two EPs, each of order 4, as depicted in Fig. S1(d) . The real and imaginary parts of eigenvalues are shown in Fig.  S1 (a) and S1(c), respectively, and Fig. S1(b) is the top view of Fig. S1(a Just like the exceptional ring, the eigenvalues show square-root singularity behavior in the normal direction and disperse linearly in the tangential direction at each order-2 AEP on the ellipses. As expected from universality, the critical exponent of phase rigidity is in the normal direction and is unity in the tangent direction. The AEPs of order at are also anticipated from previous analysis of the general Hamiltonian in Eq. (4) . Taking the one at as an example. Along , the tangential direction, the eigenvalues are purely real and form two pairs of EP2s. Therefore, the phase rigidity of each eigenstate vanishes in this direction. Along , however, all four eigenvalues show square-root type singularity near , just like Fig. 2 As a special case of , the -spin‖ Hamiltonian also has the two AEPs . The exponents of phase rigidity are also and along two directions. With a ring of AEPs, there are infinitely many other AEPs in addition to the two at . An arbitrary AEP on the ring can be parameterized as . The Hamiltonian associated with can be unitarily transformed to the Hamiltonian associated with by a rotation around y axis. According to the definition, a unitary transformation should not change the phase rigidity of an eigenstate. Therefore, we can conclude that the exponents of phase rigidity near an arbitrary AEP are and , respectively, when approached in the radial and tangential directions.
(ii) Spin-3/2 Hamiltonian as an example In the main text, we have stated that the phase rigidity for the spin-3/2 systems near the EPs on the ring conforms to the general rule demonstrated in Section IV. Here we show it by direct calculation.
We stated that and have the same form only when and , but not so for higher values of j. When we take . Near the EPs at , the eigenvalues are proportional to . In the discussion part in the main text, we mentioned that the conventional order-N EP associated with type eigenvalues also exist in the context of asymmetric hopping model. Suppose we take , we have That is, the exponent of phase rigidity is , which is different from the √ type EPNs, which are associated with exponent of .
We note that all exponents of with can be found by introducing perturbation to . Adding a to an arbitrary -th entry of where , the eigenvalues near the EPN would take the form (S45) with possibly some eigenvalues remaining zero. When , the √ type order-N EP is recovered. And when , the aforementioned √ type order-N EP is then recovered.
The phase rigidity for the state is then , which can be easily derived similarly.
To be specific, we take as an example. The Hamiltonian is
The results for the different perturbations are summarized as follows: (1 
